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Feedback Linearization (continued) 


Nonlinear Changes of Variables 


T : R" > R" is called a diffeomorphism if its inverse T~! exists, and 
both T and T~! are continuously differentiable (C'). 


Examples: 


1. ¢ = Tx is a diffeomorphism if T is a nonsingular matrix 


2. ¢ =sinx is a local diffeomorphism around x = 0, but not global 


¢ 


3. € =x° is not a diffeomorphism because T~1!(-) is not C! at € = 0 


How to check if € = T(x) is a local diffeomorphism? 


Implicit Function Theorem 


Suppose f : IR" x IR” > IR" is C! and there exists xg € IR", &) € R” 


such that 
Ff (x0, G0) = 0. 
If wl (xo,€o) is nonsingular, then in a neighborhood of (x9, Go), 
f(x%,€) =0 


has a unique solution x = ¢(&) where g is C! at € = Gp. 


Corollary: Let f(x,¢) = T(x) —¢. If ar is nonsingular at xg, then T(-) 
is a local diffeomorphism around x9. 
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A “Normal Form” that Explicitly Displays the Zero Dynamics 


Theorem: If x = f(x) + 9(x)u, y = h(x) has a well-defined relative 
degree r < n, then there exist a diffeomorphism T : x > ; | 
ze KR", ¢ © RB’, that transforms the system to the form: 


Z = fo(z,Z) 
€1 = 02 


Gr = b(z,6) +a(z,f)u, y= or. 


In particular, z = fo(z,0) represents the zero dynamics. 


To obtain this form, let € = [h(x) Lyh(x) ... Le *h(x)I?, and 
find n — r independent variables z such that Z does not contain u. 


Note that the terms b(z,¢) and a(z,¢) correspond to Li (x) and 


LL *h(x) in the original coordinates. 


Example: Sj =. 
Xo = ax3z+U 
X3 = px3-u 

Y= MX}. 


Let €¢; = x1, 2 = x2, and note that z = x2 + x3 is independent of 
€1,C2, and z does not contain u. Thus, the normal form is: 


2 = (et Bs = (0+ Be (0+ Bb 
01 = 02 


Co = ax3+u=az—alr4+u. 


I/O Linearizing Controller in the new coordinates (1): 


1 
aan (eo) +2) (2) 
v= —ky01---— ky, (3) 
where k,,--+ ,k, are such that all roots of s” + kys’~! +---+kos +ky 


have negative real parts. 


Theorem: If z = 0 is locally exponentially stable for the zero dynam- 
ics Z = f(z,0), then (2)-(3) locally exponentially stabilizes x = 0. 


Proof: Closed-loop system: 


z= fo(z,¢) 
C=AC 
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where 
0 1 0 
0 0 1 
A= 
1 
—k, —ky —ky —k, 


where i (0,0) is Hurwitz since Zz = fo(z,0) is exponentially stable 
by the proposition in Lecture 11, page 1. Since A is also Hurwitz, all 
eigenvalues of J have negative real parts = exponential stability. 


Global asymptotic stability can be guaranteed with additional as- 
sumptions on the zero dynamics, such as ISS of 


z= fo(z,¢) 
with respect to the input ¢: 
4 ’ 
G=AG z= folz,6) 
Example: Z=—-Z+ 20, ‘4 = —kC Note: the z subsystem is not ISS 


(z,¢) = 0 is locally exponentially stable, but not globally: solutions 
escape in finite time for large z(0). 


I/O Linearizing Controller for Tracking 


For the output y(t) to track a reference signal? y4(t), replace (3) with: ? assumed to be r times differentiable 


v = —ky (Sr — yal(t)) — ka(G2 — galt) «+ — eG — yf P() ty PH 


Let ej 4 C1 _ yq(t), ey & Oo = yq(t), weeny Cp & Cr _ yy Y(t). Then: 


ey = e2 
€2 = 63 

é = Ae. 
& = o— y(t) = —kye, —--- —kye, 


Thus e(t) — 0, that is y(t) — yg(t) > 0. 
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If yq(t) and its derivatives are bounded, then C(t) is bounded. If the 
zero dynamics z = fo(z,¢) is ISS with respect to C, then z(t) is also 
bounded. Thus, all internal signals are bounded. 


